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SLICE IMPLIES MUTANT-RIBBON
FOR ODD, 5-STRANDED PRETZEL KNOTS
KATHRYN A. BRYANT
Abstract. A pretzel knot K is called odd if all its twist parameters are odd, and mutant
ribbon if it is mutant to a simple ribbon knot. We prove that the family of odd, 5-stranded
pretzel knots satisfies a weaker version of the Slice-Ribbon Conjecture: All slice, odd, 5-
stranded pretzel knots are mutant ribbon. We do this in stages by first showing that 5-
stranded pretzel knots having twist parameters with all the same sign or with exactly one
parameter of a different sign have infinite order in the topological knot concordance group,
and thus in the smooth knot concordance group as well. Next, we show that any odd, 5-
stranded pretzel knot with zero pairs or with exactly one pair of canceling twist parameters
is not slice.
1. Introduction
A knot K Ă S3 is smoothly slice if it bounds a smoothly embedded disk in the 4-ball. The
notion of smoothly slice knots can be used to define the smooth knot concordance group C
under the operation of connected sum. It is a widely-studied group for which a slice knot
represents the identity element. For explicit information about the concordance relation,
see [Liv05]. Fine details of the group structure of C continue to elude mathematicians, but
concordance order is one small way of gaining insights into C. The topic of determining
slice knots and concordance order for knots within families of pretzel knots has also been
studied with increasing frequency over the past 30 years and various results can be found
in [GJ11], [Lec12], [Mil], [HKL10], and [Lon14].
The Slice-Ribbon Conjecture hypothesizes that a if a knot is slice, then it is also ribbon.
Given that ribbon knots are easily seen to be slice, this is ultimately a conjecture about the
equivalence of the notions ‘slice’ and ‘ribbon’. Previous work by Joshua Greene and Stanislav
Jabuka in [GJ11] on the Slice-Ribbon Conjecture for odd, 3-stranded pretzel knots and work
by Ana Lecuona in [Lec12] on even pretzel knots inspired this project. This paper studies
sliceness and concordance order for odd, 5-stranded pretzel knots.
A k-stranded pretzel link, denoted P pp1, p2, . . . , pkq where the pi P Z´ t0u are called the
twist parameters, is a knot in two cases: when exactly one of the twist parameters is even,
or when k is odd and all the twist parameters are odd. A pretzel knot is called even in the
former case and odd in the latter. A 0-pair pretzel knot is a pretzel knot for which there are
no canceling pairs of twist parameters satisfying pi “ ´pj . A 1-pair pretzel knot is a pretzel
knot for which there exists a canceling pair of twist parameters, but when the pair is removed
from the k-tuple defining the knot, the resulting pk ´ 2q–stranded knot is 0-pair. Generally,
a t-pair pretzel knot is one for which removing a single canceling pair of twist parameters
results in a pt´ 1q-pair pretzel knot with two fewer strands. With this defintion, 5-stranded
pretzel knots P pa, b, c, d, eq can be 0-pair, 1-pair, or 2-pair. See Figure 1.
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Figure 1. Pretzel Knot P p3, 5, 7,´3,´5q
When proving statements about pretzel knots, it is often necessary to differentiate between
the knots that contain twist parameters equal to ˘1 and those that do not. If for K “
P pp1, ..., pkq there exists i P t1, ..., ku such that pi “ ˘1, then we say K is a pretzel knot with
single-twists; otherwise, we say K is a pretzel knot without single-twists.
The classification of pretzel knots appears in [Zie84], which classifies the much larger class
of Montesinos knots of which pretzel knots are a special case. The classification gives that
two pretzel knots without single-twists are smoothly isotopic if their twist parameters differ
by cyclic permutations, reflections, or compositions thereof. Two pretzel knots with single-
twists are smoothly isotopic if their twist parameters differ by cyclic permutations, reflections,
and/or transpositions involving ˘1-twisted strands. Two k-stranded pretzel knots whose
twist parameters are equal as unordered k-tuples but not equal as ordered k-tuples are called
pretzel knot mutants. This specific kind of mutation is the only type considered here, so
“mutation” from this point on will always mean “pretzel knot mutation.”
Mutation is a crucial topic for the problem of determining sliceness for k-stranded pretzel
knots when k ě 4 because many knot invariants used to obstruct sliceness are unable to
detect pretzel knot mutants. In fact, any knot invariant based on the double branched cover
of S3 along the knot will fail to detect pretzel knot mutants; Bedient shows in [Bed84] that
any two pretzel knots defined by the same unordered k-tuple of twist parameters have the
same double branched cover. Given a k-tuple pp1, ..., pkq of twist parameters, P tp1, ..., pku will
denote the set of pretzel knots having tp1, ..., pku as twist parameters, as well as all mirrors
of such knots.
Among pretzel knots is a subset of knots we will call simple ribbon. A simple ribbon move
on a pretzel knot is the ribbon move shown in Figure 2, performed always on the top-most
twist of two adjacent strands of K having canceling numbers of twists. We say a pretzel
knot K is simple ribbon if there exists a sequence of simple ribbon moves that reduces K
to a 1-stranded pretzel knot (if K is odd) or to a 2-stranded pretzel knot P pa, bq where
a “ ´b ´ 1 (if K is even). A prerequisite for a pretzel knot to be simple ribbon is that if
K is k-stranded, then K must be pk´12 q-pair. But, while all 1-pair, 3-stranded pretzel knots
are simple ribbon, not all 2-pair, 5-stranded pretzel knots are simple ribbon. For example,
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Figure 2. Simple ribbon move on Pretzel Knot P p´3,´5, 5, 3,´5q
the 2-pair knot P p3, 5,´3,´5, 7q is not simple ribbon because no two adjacent strands have
canceling numbers of twists. This phenomenon extends for all k ě 4.
2. Results
As previously mentioned, this project was motivated by work of Joshua Greene and
Stanislav Jabuka in [GJ11] on the Slice-Ribbon Conjecture for odd, 3-stranded pretzel knots
and by work of Ana Lecuona in [Lec12] on even pretzel knots. In [Lec12], Lecuona writes
down the following conjecture:
Pretzel Ribbon Conjecture. (Lecuona) Let K be a pretzel knot whose twist parameters
are all greater than 1 in absolute value. If K is ribbon, then K is simple ribbon.
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For odd, 3-stranded pretzel knots, the Pretzel Ribbon Conjecture posits that the only
ribbon knots are the simple ribbon knots, i.e. the 1-pairs. Similarly for odd, 5-stranded
pretzel knots, it says that the only ribbon knots are the simple ribbon knots, which are
2-pairs for which at least one of the canceling pairs is adjacent. Greene and Jabuka show
in [GJ11] that odd, 3-stranded pretzel knots satisfy both the Pretzel Ribbon Conjecture and
the Slice-Ribbon Conjecture by proving that a knot of this type is slice if and only if it is
1-pair. This result, which proves the two aforementioned conjectures in a particular case,
hints to the following possible strengthening of the Slice-Ribbon Conjecture in the specific
case of pretzel knots:
Pretzel Slice-Ribbon Conjecture. If K is a slice pretzel knot, then K is simple ribbon.
Of course, if the Pretzel Ribbon Conjecture is true then the above is equivalent to the
original version of the Slice-Ribbon Conjecture. There is evidence that supports the Pret-
zel Slice-Ribbon Conjecture in the odd, 5-stranded case. In [HKL10], the authors prove
that P p3, 5,´3,´5, 7q is not slice despite being mutant to the two simple ribbon knots
P p3,´3, 5,´5, 7q and P p3, 5,´5,´3, 7q. See Figure 2 for an illustration of the ribbon move
on two adjacent strands in a 5-stranded pretzel knot whose twist numbers cancel.
This present work applies the techniques used by Jabuka and Greene on odd, 3-stranded
pretzel knots to odd, 5-stranded pretzel knots, in the hope of showing that this new class
of knots also satisfies the Pretzel Slice-Ribbon Conjecture as well. It should be noted that
Greene and Jabuka went a step farther and proved that all non-slice, odd, 3-stranded pretzel
knots have infinite order in C. To obtain these results, they used three tools: the knot sig-
nature from classical knot theory, Donaldson’s Diagonalization Theorem from gauge theory,
and the d-invariant from Heegaard-Floer Theory.
The main results of this project are given below, accompanied by brief explanations as to
where each of the above three tools comes into play. In Theorem 1 and its corollary, σpKq
denotes the signature ofK; s is the difference between the number of positive twist parameters
and the number of negative twist parameters of K; eˆ is the orbifold Euler characteristic of K
given by the sum of the reciprocals of the twist parameters; and sgnpq is the function returning
-1, 0, or +1 according to whether the input is negative, zero, or positive, respectively. The
first result is about about the larger class of odd, k-stranded pretzel knots where k ě 3:
Theorem 1. If K is an odd, k-stranded pretzel knot, then σpKq “ s´ sgnpeˆq. In particular,
σpKq “ 0 if and only if s “ sgnpeˆq.
Corollary 1. All odd, k-stranded pretzel knots with s ‰ sgnpeˆq have infinite order in the
topological knot concordance group T .
The corollary follows from the fact that σ is a homomorphism from T Ñ Z, and it implies
infinite order in the smooth knot concordance group C as well. It is a well-known fact that
we call on later that if a knot K is slice, then σpKq “ 0. An implicit implication of Theorem
1 is that all odd pretzel knots for which s ‰ ˘1 are not slice, which is particularly easy to
read off from the k-tuple defining the knot. For odd, 5-stranded pretzel knots this tells us
that if all or all but one of the twist parameters have the same sign, then K is not slice.
Unfortunately, the signature alone is necessary but clearly insufficient for determining
sliceness in odd pretzel knots for which s “ ˘1. For example, the pretzel knot K “
SLICE IMPLIES MUTANT-RIBBON 5
P p´3,´5,´7, 9, 27q has vanishing signature, but the Pretzel Slice-Ribbon Conjecture gives
us reason to think that K may not be slice. Such occurrences in the odd, 3-stranded case
prompted Jabuka and Greene to turn to an obstruction based on Donaldson’s Diagonaliza-
tion Theorem, which is ultimately phrased as a lattice embedding condition necessary for
sliceness. This same obstruction was originally used by Paolo Lisca in [Lis07] to classify slice
knots within the family of 2-bridge knots.
The use of Donaldson’s Diagonalization Theorem to define a ‘Lattice Embedding Condi-
tion’ for sliceness is based on the construction of a (potentially hypothetical) closed, definite
4-manifold X, created as follows: Assume K is a slice knot. Let Y be the double branched
cover of S3 along K, W be a rational homology 4-ball with BW “ Y , and P be a canonical˚
4-dimensional plumbing with BP “ Y . Define X “ P YY W . The Lattice Embedding Condi-
tion arises by applying the Diagonalization Theorem to X, for which it is necessary to verify
that the intersection form on X, QX , is definite. We do this in Section 5.
The Lattice Embedding Condition for sliceness puts great restrictions on the possible k-
tuples that can define a slice, odd pretzel knot, so it enables us to conclude that all but
a very select subset of such knots are not slice. Unfortunately, the knots that satisfy both
the vanishing signature condition and the Lattice Embedding Condition are not easily dif-
ferentiated from the knots satisfying the signature condition but not the Lattice Embedding
Condition. For example, sliceness is obstructed for P p´3,´17, 27q and P p´3,´7,´19, 17, 55q
by the Lattice Embedding Condition, but sliceness is not obstructed for P p´3,´17, 29q and
P p´3,´7,´19, 19, 55q.
For this reason, Jabuka and Greene introduced a third slice obstruction, this time of their
own creation, based on the d-invariant from Heegaard-Floer theory. It assumes the same
construction used above involving K, Y , W , P , and X, but it boils down to a comparison
of two different ‘counts’ obtained by analysis on the homology long exact sequences of the
pairs pX,W q and pP, Y q. We refer to it here as ‘Coset Counting Condition I’. Combining the
signature obstruction, the Lattice Embedding Condition, and Coset Counting Condition I,
Jabuka and Greene were able to prove their full result. With these same tools, we obtain the
following partial results for odd, 5-stranded pretzel knots with signature zero:
Theorem 2. If K is a 0-pair, odd, 5-stranded pretzel knot, then K is not slice.
Coset Condition I fails to obstruct sliceness in t-pair, odd, k-stranded pretzel knots K if
t ě 1, k is odd and σpKq “ 0, so yet another tool is required in our present case. When
k ě 5, the increased number of twist parameters introduces complexity not present when
k “ 3, requiring a more refined ‘count’ than Jabuka and Greene made themselves when
implementing the d-invariant obstruction. With just a little bit of work we derive a stronger
version of Coset Counting Condition I, and uncreatively deem it Coset Counting Condition II.
Combining the signature obstruction, the Lattice Embedding Condition, and Coset Counting
Condition II, we prove:
Theorem 3. If K is a 1-pair, odd, 5-stranded pretzel knot without single-twists, then K is
not slice.
˚A canonical definite plumbing P is one for which the weights of the vertices in the corresponding plumbing
graph are either all ě 2 or ď ´2
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Figure 3. Transposition of a single-twist strand, turning P p3, 1, 5,´3,´5q
into P p3, 5, 1,´3,´3q.
Theorem 3 avoids mention of odd, 5-stranded pretzel knots with single-twists because they
behave slightly differently from those without single-twists for the following reason: any
strand with exactly one positive or negative half twist can be transposed with an adjacent
strand through a flype as in Figure 3. Such a move preserves the smooth knot type so, for
example, P p1, 3,´5, 1,´7q and P p1, 1, 3,´5,´7q are not only mutants of one another but
also members of the same smooth isotopy class.
Furthermore, by flyping we can always “collect” all strands with ˘1 twists so that they
occur in succession. This has the greatest impact on 1- and 2-pair pretzel knots for which
at least one of the pairs is t´1, 1u. If K is defined by t´1, 1, b, c, du, then K is concordant
to P pb, c, dq regardless of the initial locations of 1 and -1 in the 5-tuple. It follows that every
2-pair, odd, 5-stranded pretzel knot containing the pair t´1, 1u is simple ribbon. To contrast,
if K P P t´a, a, b, c, du with |a| ě 3, then K is smoothly concordant to P pb, c, dq if and only
SLICE IMPLIES MUTANT-RIBBON 7
if the pair t´a, au is adjacent; it is precisely this fact that leads to P p3, 5,´3,´5, 7q and
P p3,´3, 5,´5, 7q having different smooth concordance order.
Theorem 2 and Theorem 3 together imply that odd, 5-stranded pretzel knots without
single-twists satisfy a weaker version of the Slice-Ribbon Conjecture. Define a knot K to be
mutant ribbon if K is a mutant of a simple ribbon knot. Then we have:
Corollary 2. If K is a slice, odd, 5-stranded pretzel knot without single-twists, then K is
mutant ribbon.
For 2-pair, odd, 5-stranded pretzel knots (with or without single-twists) not containing the
pair t´1, 1u and for 1-pairs with single-twists and pair t´a, au ‰ t´1, 1u, the signature, the
Lattice Embedding Condition, and both Coset Counting Conditions I & II all fail to obstruct
sliceness in the knots that are not simple ribbon because these slice obstructions, at their
cores, obstruct the double branched covers of the knots from having certain properties. As
previously mentioned, all mutants of a given pretzel knot share the same double branched
cover and hence there is no hope of obstructing sliceness for a knot K P P ta, b, c, d, eu if
any member of P ta, b, c, d, eu is slice. Since 2-pair knots of the form P pa,´a, b,´b, c, q and
P pa, b,´b,´a, cq are simple ribbon and therefore slice, we cannot use the aforementioned
tools to say that P pa, b,´a,´b, cq is not slice. Similarly, Remark 1.3 in [GJ11] gives that
the 1-pair knots with single-twists and pair t´a, au ‰ t´1, 1u of the form P pa,´a, 1, b, cq
with b` c “ 4 are slice, and therefore again there is no way to distinguish between slice and
suspected non-slice members of P ta,´a, 1, b, cu.
In [HKL10], the authors used twisted Alexander polynomials to show that the 2-pair knot
P p3, 5,´3,´5, 7q is not slice, despite being mutant to the simple ribbon knot P p3,´3, 5,´5, 7q.
Twisted Alexander polynomials are able to distinguish mutants and, in fact, they can reveal
when a knot is not topologically slice. The issue in using twisted Alexander polynomials to
show that odd, 5-stranded pretzel knots satisfy the Slice-Ribbon Conjecture is that these
polynomials are difficult to compute. Of the examples computed for pretzel knots to date,
there is only one infinite family of pretzel knots whose slice status has been determined using
twisted Alexander polynomials. It is the 4-stranded family K “ P p2n,m,´2n˘1,´mq, done
by Allison Miller in [Mil].
Acknowledgements. I, the author, would like to thank my advisor Paul Melvin for his patience
and guidance throughout this project. I am forever indebted to him for not only passing along
his knowledge of this subject, but also for his invaluable edits of my work, both in style and
content.
3. Framed Links, Weighted Graphs, and Plumbings
Let K “ P pa1, ..., ap,´b1, ...,´bnq be an odd, k-stranded pretzel knot with k “ p` n odd,
and let Y be the double branched cover of S3 along K. As a 3-manifold, we will describe Y
by two framed links L0 and L`, which are represented by weighted star-shaped graphs Γ0
and Γ`, shown in Figure 4. In Γ0 and Γ`, each vertex vi with weight wpviq represents an
unknot component Ki with framing ri “ wpviq; two components Ki and Kj link once in L0
[resp. L`] if the corresponding vertices vi and vj share an edge in Γ0 [resp. Γ`].
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Figure 4. Weighted plumbing graphs ΓL0 (left) and ΓL` (right).
The links L0 and L` differ by a sequence of Kirby moves. To transform L0 into L` via
Kirby moves, one operates on the negatively-framed components of L0. The course of Kirby
moves needed to change L0 into L` is described in Figure 5 as a sequence of steps that is
performed on each negatively-framed component of L0. The accompanying weighted graphs
are shown as well. If the prescribed sequence of moves is performed on a component with
framing ´bi, then Step 5 is repeated bi ´ 3 times and the original component is ultimately
replaced by bi´1 new components, all unknots with framing 2. In the corresponding weighted
graphs, this translates into replacing a single arm of length one, whose lone vertex has weight
´bi, by an arm of length bi ´ 1 containing all weight-2 vertices; the weight of the central
vertex increases by 1 for each arm altered.
In addition to describing Y , the framed links L0 and L` and weighted graphs Γ0 and Γ`
define 4-dimensional plumbings P0 and P` (respectively) that bound Y . Each framed unknot
(or weighted vertex) represents a D2 bundle over S2 with Euler class equal to the framing
(or weight); linking between components (or an edge between vertices) indicates that the
corresponding disk bundles are plumbed together. For more information on the plumbing
construction, see [GS99].
The intersection form QP0 for P0, when represented as a matrix with basis equal to the set
of classes represented by the zero-sections of the above disk bundles, is equal to the incidence
matrix for Γ0. Similarly, the intersection form of P`, when represented as a matrix using
the basis with elements consisting of the homology classes represented by the zero-sections of
the above disk bundles, is equal to the incidence matrix for Γ`. Knowing the exact sequence
of Kirby moves between L0 and L` allows us to analyze how the signature changes in the
underlying 4-manifolds after each step, in particular the overall change in signature from P0
to P`.
At this point, it is worth detailing a labeling scheme for the vertices of Γ0 and Γ` so
that the bases for the incidence matrices are ordered consistently. Given the vertex labelings
pictured in Figure 6, Γ0 will have ordered basis tv0, v1, ..., vp, vp`1, ..., vp`nu and Γ` will have
ordered basis tv0, v1, ..., vp, v1,1, ..., v1,b1´1, ..., vn,1, ..., vn,bn´1u. Written succinctly, the basis
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Figure 5. Kirby Calculus Sequence L0 Ñ L`
for Γ` can be written tvi, vj,rju where 0 ď i ď p, 1 ď j ď n, and 1 ď rj ď j ´ 1. It is with
these ordered bases for Γ0 and Γ` that the matrices for QP0 and QP` are given later.
4. The Signature Condition and Proof of Theorem 1
The signature of a symmetric matrix Q, denoted σpQq, is the difference between the number
of positive diagonal entries and the number of negative diagonal entries of Q, after Q has
been diagonalized over R. The signature of a knot K is defined as σpKq “ σpV T `V q, where
V is a Seifert matrix for K. Given a 4-manifold X with intersection form QX , the signature
10 KATHRYN A. BRYANT
Figure 6. Vertex labeling scheme for Γ0 (left) and Γ` (right).
of X is defined as the signature of QX : σpXq “ σpQXq. The signature is an abelian invariant
based on the double branched cover of the knot, therefore it cannot detect pretzel mutants.
The signature is a homomorphism σ : T Ñ Z, where T is the topological knot concordance
group. Hence:
(1) σp´Kq “ ´σpKq, where ´K is the mirror of K, and
(2) σpK1 # K2q “ σpK1q ` σpK2q.
The signature is also invariant under mutation [c.f. [Kea89]]. For pretzel knots, if we
combine this fact with (1) we see that computation of the signature of K “ P pp1, ..., pkq may
be obtained using any knot in P tp1, ..., pku. Often, a specific K is chosen in order to make
computations as simple as possible. Homomorphism property (2) implies that if σpKq ą 0,
then the knot K will have infinite order in the topological (and therefore smooth) knot
concordance group. A classical theorem relating signatures and sliceness is the following:
Theorem. If a knot K is slice, then σpKq “ 0.
The proof of this can be found in [Rol76], and with this result we are now ready to prove
Theorem 1.
Proof of Theorem 1. Let K “ P pa1, ..., ap,´b1, ...,´bnq be an odd pretzel knot. Kauffman
and Taylor prove in [KT76] that σpKq “ σpQSq, where S is the double branched cover of
B4 along any Seifert surface of K. The plumbing manifold P0 described in Section 2 is the
double branched cover ofB4 along the obvious Seifert surface forK, therefore σpKq “ σpQP0q.
Recall that P0 is described by the graph Γ0, and thus QP0 (with appropriate choice of basis)
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is given by the incidence matrix of Γ0. A straightforward diagonalization of QP0 shows that:
QP0 “
»—————————–
0 1 1 1 1 1 1
1 a1 0 0 0 0 0
1 0
. . . 0 0 0 0
1 0 0 ap 0 0 0
1 0 0 0 ´b1 0 0
1 0 0 0 0
. . . 0
1 0 0 0 0 0 ´bn
fiffiffiffiffiffiffiffiffiffifl
„
»—————————–
´eˆ 0 0 0 0 0 0
0 a1 0 0 0 0 0
0 0
. . . 0 0 0 0
0 0 0 ap 0 0 0
0 0 0 0 ´b1 0 0
0 0 0 0 0
. . . 0
0 0 0 0 0 0 ´bn
fiffiffiffiffiffiffiffiffiffifl
Therefore, σpKq “ σpQP0q “ s´ sgnpeˆq. 
Let a, b, c, d, e ě 3. As mentioned in Section 2, Theorem 1 shows non-sliceness for all odd,
5-stranded pretzel knots K in P ta, b, c, d, eu and in P ta, b, c, d,´eu, since s fails to equal ˘1.
But, it also shows non-sliceness for all K in P ta, b, c,´d,´eu for which 1a` 1b ` 1c ą 1d` 1e . For
example, K “ P p5, 5, 5,´3,´3q has nonvanishing signature by Theorem 1 and is therefore
not slice.
5. Donaldson’s Diagonalization Theorem and the Lattice Embedding
Condition
Donaldson’s Diagonalization Theorem constitutes a small piece of the larger topic of Yang-
Mills gauge theory. It remains one of the most significant results in the geography problem
of 4-manifolds, and it has useful applications to other areas of low-dimensional topology.
Donaldson’s Diagonalization Theorem can be used to obstruct knot sliceness and it is with
this goal in mind that we call on it here. Recall that a closed, oriented 4-manifold X has a
unimodular intersection form QX : H2pXq{Tor bH2pXq{Tor Ñ Z:, and that QX is definite
if |σpQXq| “ rkpQXq. Then:
Theorem (Donaldson, 1987). Let X be a smooth, closed, oriented, 4-manifold with positive
definite intersection form QX . Then QX is equivalent over the integers to the standard
diagonal form, so in some base:
QXpu1, u2, . . . , urq “ u21 ` u22 ` ¨ ¨ ¨ ` u2r
Remark. Donaldson’s Diagonalization Theorem was originally phrased for QX negative def-
inite, making all the u2i terms negative. Also, QX being definite and diagonalizable means
that the pair pZb2pXq, QXq can be viewed geometrically as a lattice that is isomorphic to
Zb2pXq with the standard dot product.
Donaldson’s Diagonalization Theorem is used to obstruct sliceness of a knot in the following
way: Assume the knot K Ă S3 is slice and that Y is the 2-fold branched cover of S3 along
K. Let P be a canonical definite 4-dimensional plumbing manifold satisfying BP “ Y , and
let W be the double branched cover of B4 along a slicing disk for K. Since K is a knot, Y is
a rational homology 3-sphere. Furthermore, W is a rational homology 4-ball with BW “ Y ,
which follows from the more general fact that the double branched cover of a Z{2Z-homology
ball branched along codimension 2 Z{2Z-homology ball is again a Z{2Z-homology ball. A
:Here, Tor denotes the torsion part of H2pXq.
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new 4-manifold X is formed by gluing P and W together along their common boundary Y
in the usual, orientation-preserving way. This new manifold X will be compact, smooth,
oriented, and have definite intersection form, and thus the Diagonalization Theorem applies.
This gives that pZb2pXq, QXq is lattice isomorphic to pZb2pXq, Idq, the standard n-dimensional
integer lattice.
The Mayer-Vietoris sequence involving X “ P YY W with rational coefficients shows that
H2pP q includes into H2pXq, and therefore pZb2pP q, QP q must embed into pZb2pXq, QXq as a
sublattice of full rank. Algebraically, pZb2pP q, QP q embeds into pZb2pXq, Idq if there exists an
injection α : Zb2pP q Ñ Zb2pXq such that QP pa, bq “ Idpαpaq, αpbqq [GJ11]. If this embedding
does not exist then the conclusion is that X, as constructed, does not exist. The only
assumption made in this construction was that K is slice, therefore the contradiction implies
this cannot be the case. Thus, the existence of an embedding α of the lattice pZb2pP q, QP q
into pZb2pXq, QXq is a necessary condition for the knot K to be slice, which is precisely the
obstruction to sliceness utilized in [Lis07] and [GJ11]. We call this the Lattice Embedding
Condition.
In practice, showing that the embedding α exists amounts to writing down a matrix A for
α that satisfies ATA “ QP . This requires a choice basis for H2pP q and for H2pXq{Tor. The
basis tsiu chosen for H2pP q{Tor is the set of classes represented by the zero-sections in the
disk bundles used to create P ; the basis teiu for H2pXq{Tor is chosen to be one that makes
QX diagonal by Donaldson’s Theorem. As such, each column of A corresponds to one of
those 2-spheres in P whose intersection information is recorded by the plumbing graph of P .
That is, the columns of A must have standard dot products consistent with the information
given by the plumbing graph for P .
In an attempt to use Donaldson’s Diagonalization Theorem to obstruct sliceness of an
odd pretzel knot K, we refer back to the Section 3 and take P “ P`, which has plumbing
graph Γ` and intersection form QP` , with matrix equal to the incidence matrix for Γ` with
respect to the above bases. By the signature obstruction to sliceness, we need only consider
odd pretzel knots K for which σpKq “ 0. In order to utilize the positive-definite version
of Donaldson’s Diagonalization Theorem, we need to prove that QX is positive definite for
X “ P` YY W . This is done with with the help of the following lemma:
Lemma 1. If K is an odd k-stranded pretzel knot with k odd and σpKq “ 0, then either
QP`pKq or QP`p´Kq is positive definite.
Proof. Let K P P ta1, ..., ap,´b1, ...,´bnu be an odd pretzel knot with σpKq “ 0. By Theorem
1, we know s “ sgnpeˆq and we may assume s “ ´1 (n “ p`1), after mirroring K if necessary.
The plumbing manifold P` is represented by L` and Γ`. By choosing the basis for QP` to
again be the classes represented by the zero-sections of the disk bundles used to create P`,
the matrix representative of QP` is equal to the incidence matrix of Γ`. Since P` differs from
P0 by the prescribed sequence of Kirby moves from Figure 5, performed on each negatively-
framed component of P0, we analyze the effect of each move on the signature.
Each Kirby move used to change P0 into P` can be decomposed as a combination of the
operations O1 and O2, which serve as the building blocks for Kirby calculus: Given a framed
link L, operation O1 is the addition or subtraction of a single unknotted S1 with framing
˘1 separated from L by an embedded S2 in S3; operation O2 is a handleslide, in which a
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component of L can be “added” to another component at the expense of changing framings
on the components involved. The details can be found in [Kir78].
Performing operation O2 on a framed link L will not alter the smooth type of the un-
derlying 4-manifold P , and therefore the operation O2 does not alter the signature P . But,
operation O1 does change P and this change will be reflected in a matrix representative of
the intersection form of P as the addition or subtraction of p˘1q to QP via direct sum. If
p1q is added or p´1q is subtracted from QP , the signature will increase by one; conversely,
if p´1q is added or p1q is subtracted from QP , then the signature will decrease by one. Of
course, the handleslide operation O2 will alter the appearance of QP , but the change is purely
superficial.
Returning to the Kirby moves from L0 to L`, steps 1, 2, 3, and 5* involve the addition of
a `1-framed unknot and step 6 involves removing a ´1-framed unknot; hence, the signature
will increase by 1 each time one of these moves performed. Step 4 involves the removal of
a `1-framed unknot, and therefore decreases the signature by 1 each time it is performed.
For each negatively-framed component of L0, each step is performed exactly once with the
exception of step 5*, which is repeated bi´ 3 times in a sequence performed on a ´bi-framed
component of L0. Summing over all n negatively-framed components of L0, this implies:
σpQP`q “ σpQP0q `
nÿ
i“1
3` pbi ´ 3q “ σpQP0q `
nÿ
i“1
bi
Recall that Kauffman’s result in [Kau87] implies that σpQP0q “ σpKq “ 0. Hence,
σpQP`q “
řn
i“1 bi. Based on L`, we can also compute that rkpQP`q “ p`1`
řn
i“1pbi´1q “
p` 1´ n`řni“1 bi “ řni“1 bi, since p` 1 “ n. Thus,
|σpQP`q| “
nÿ
i“1
bi “ rkpQP`q,
and therefore QP` is positive definite. 
With our eye on applying the Diagonalization Theorem to X and the help of Lemma 1,
we argue that for X “ P`YY W , QX is also positive definite. Consider the following portion
of the Mayer-Vietoris sequence for X with rational coefficients:
0 Qn ‘ 0 H2pX;Qq 0i˚
The map i˚ is an isomorphism which implies that every element x P H2pXq is a Q-linear
combination of basis elements tsiu for H2pP`q and torsion elements of H2pW q. Bilinearity
of QX and positive-definiteness of QP` yield that QX is positive definite. Thus, we are free
to utilize the previously described construction using Donaldson’s Diagonalization Theorem,
with P “ P`, to obtain the embedding criterion for sliceness on odd, 5-stranded pretzel
knots.
In all the results that follow, we use Theorem 1 to immediately reduce to considering only
those odd, 5-stranded pretzel knots of the form P p´a,´b,´c, d, eq for which sgnpeˆq “ ´1. We
use P p´a,´b,´c, d, eq rather than its mirror in order to use the positive definite formulation
of Donaldson’s Theorem. As stated in the explanation of the Lattice Embedding Condition,
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we wish to write down a matrix A satisfying ATA “ QP` . This condition can be phrased as
a collection of conditions on the column vectors of A:
Embedding Conditions. For a slice, odd, 5-stranded pretzel knot K “ P p´a,´b,´c, d, eq,
there exist vectors vi, vj,r P Zm, with m “ a` b` c, satisfying:
(0) v0 ¨ v0 “ 3
(1) v1 ¨ v0 “ 1
(2) v2 ¨ v0 “ 1
(3) v1 ¨ v2 “ 0
(4) v1 ¨ v1 “ d
(5) v2 ¨ v2 “ e
(6) vj,1 ¨ v0 “ 1
(7) vj,r ¨ vj,r “ 2
(8) For r ě 2: vj,r ¨ vj,r˘1 “ 1
(9) For r ě 2: vj,r ¨ v˚ “ 0, for all vectors v˚ ‰ vj,r˘1
The Embedding Conditions impose severe restrictions on the form each vi and vj,rj can
take. Condition (0) for example, implies that v0 must have exactly three entries equal to ˘1
and zeros otherwise; similarly, condition (7) implies that each vector vj,rj must have exactly
two entries equal to ˘1 and zeros otherwise. It can be verified using conditions p0q - p7q that
up to a change of basis, A will have the following form with α, β, γ, x, y, z P Z:»————————————————————————————————————————–
v0 v1 v2 va,1 va,2 va,a´1 vb,1 vb,2 vb,b´1 vc,1 vc,2 vc,c´1
1 α x 1 0 ¨ ¨ ¨ 0
0 α x ´1 ´1 0
0 α x 0 1 0
0 α x 0 0 ¨ ¨ ¨ 0 0 0
...
...
. . .
...
0 α x 0 0 ¨ ¨ ¨ ´1
0 α x 0 0 ¨ ¨ ¨ 1
1 β y 1 0 ¨ ¨ ¨ 0
0 β y ´1 ´1 0
0 β y 0 1 0
0 β y 0 0 0 ¨ ¨ ¨ 0 0
...
...
. . .
...
0 β y 0 0 ¨ ¨ ¨ ´1
0 β y 0 0 ¨ ¨ ¨ 1
1 γ z 1 0 ¨ ¨ ¨ 0
0 γ z ´1 ´1 0
0 γ z 0 1 0
0 γ z 0 0 0 0 ¨ ¨ ¨ 0
...
...
. . .
...
0 γ z 0 0 ¨ ¨ ¨ ´1
0 γ z 0 0 ¨ ¨ ¨ 1
fiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl
Having A in this explicit form allows us to put restrictions on the unordered 5-tuples
ta, b, c, d, eu that will satisfy the Embedding Conditions. For fixed a, b, and c, we enumerate
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the Embedding Conditions in terms of the entries of the column vectors of A, which reduces
the problem of finding the desired embedding to the problem of finding integers α, β, γ, x, y, z
that satisfy the following system of non-linear equations. Each new condition is numbered
to correspond to the original embedding condition that implies it. When referring to the
Embedding Conditions by number, no distinction is made between the original conditions and
the updated conditions since the updated conditions are direct implications of the originals.
(Updated) Embedding Conditions. For a slice, odd, 5-stranded pretzel knot K “
P p´a,´b,´c, d, eq, there exist integers α, β, γ, x, y, z satisfying:
(1) α` β ` γ “ 1
(2) x` y ` z “ 1
(3) aαx` bβy ` cγz “ 0
(4) aα2 ` bβ2 ` cγ2 “ d
(5) ax2 ` by2 ` cz2 “ e
In fact, these updated Embedding Conditions are exactly the contents of Theorem 4.1.6
in [Lon14], so a more detailed account of these facts can be found there.;
6. The dInvariants and the Coset Counting Conditions
Peter Ozsva´th and Zolta´n Szabo´ defined the d-invariant dpY, sq P Q in the setting of
Heegaard-Floer homology for a rational homology 3-sphere Y equipped with a Spinc structure
s. While the d-invariant has an important function as a correction term for the grading in
Heegaard-Floer homology, it is highly relevant to 4-manifold topology because it is a Spinc
rational homology bordism invariant. As stated in [OS03a], if pY1, s1q and pY1, s1q are two
pairs such that Yi is a rational homology 3-sphere and si is a Spin
c structure on Yi, then if
there exists a connected, oriented, smooth cobordism W from Y1 to Y2 with HipW ;Qq “ 0
for i “ 1, 2, which can be endowed with a Spinc structure t whose restriction to Yi is si,
then dpY1, s1q “ dpY2, s2q. The proof of this highly nontrivial fact is given in Proposition 9.9
of [OS03a], and it has the following corollary:
Corollary 3. (Ozsva´th-Szabo´) Let Y be a rational homology 3-sphere with Spinc structure
s, and let W be a rational homology 4-ball with BW “ Y and Spinc structure t. If s can be
extended over W so that t|Y “ s, then dpY, sq “ 0.
In general dpY, sq may be hard to compute, but in [OS03b] Ozsva´th and Szabo´ give a
formula for dpY, sq when Y is the boundary of a 4-dimensional plumbing manifold P . Their
formula holds in more generality than the version presented below, but the formula is stated
here in the special case relevant to the present situation. Throughout this section, we refer
to K, Y , P , W , and X as defined in Section 5. To remind the reader of these definitions: K
is assumed to be a slice, odd pretzel knot; Y is the double branched cover of S3 along K; W
is the double branched cover of B4 along a fixed slice disk for K with BW “ Y ; P “ P` is
a positive definite plumbing manifold with BP “ Y ; and X “ P YY W is a closed positive
definite manifold. Furthermore, W is a rational homology 4-ball and Y is a rational homology
;Warning: Long’s approach to the problem of sliceness in 5-stranded pretzel knots uses a negative definite
convention rather than the positive definite convention of this paper.
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3-sphere under these assumptions. To state the formula easily and give a more geometric
flavor to the material that follows, we first discuss an identification of SpincpY q with H1pY q.
If Y is a 3-manifold such that H1pY q is odd torsion, then there is a natural identification
of SpincpY q with H1pY q. In our current work Y is the double branched cover of S3 along
a knot K, and a bit of straightforward algebraic topology reveals that H1pY q is always odd
torsion in this case. The first step in the identification shows a one-to-one correspondence
between SpincpY q and vect(Y ), the set of Euler structures on Y . An Euler structure on
a smooth, closed, connected, oriented 3-manifold Y is an equivalence class of nonsingular
tangent vector fields on Y , where two vector fields u and v on Y are deemed equivalent if
u and v are homotopic as nonsingular vector fields outside of some closed, 3-dimensional
ball. This particular identification of SpincpY q with vect(Y ) is due to Vladimir Turaev and
constitutes Lemma 1.4 in [Tur97], so the reader is directed there for details. The salient
feature of this step is that it allows us to view a Spinc structure on Y as a vector field over
Y under some notion of equivalence.
Assuming Turaev’s identificaiton of SpincpY q with vect(Y ), the second step is to identify
vect(Y ) with H1pY q. If the first Chern class of Y is given by c1p¨q P H2pY q, then the map
sending v P vectpY q to one-half the Poincare´ dual of c1pvq gives a one-to-one correspondence
between vect(Y ) and H1pY q. Thus, for s P SpincpY q with corresponding es P vect(Y ), s is
identified with PDp12c1pesqq P H1pY q.
A second topic necessary to discuss before stating the d-invariant formula is that of charac-
teristic elements of H2pXq{Tor, H2pP q, and H2pP, Y q. These definitions involve intersection
numbers, and in all cases we will abbreviate the intersection number of two elements a, b in
H2pXq{Tor, H2pP q, or H2pP, Y q by a ¨ b and let the definition of a ¨ b be given by context.
As before, QX and QP are the intersection forms on X and P , respectively. We define:
‚ If a, b P H2pXq{Tor, then a ¨ b “ QXpa, bq.
‚ If a, b P H2pP q, then a ¨ b “ QP pa, bq.
‚ If a P H2pP, Y q and b P H2pP q, then a ¨ b “ QP px, bq, where x “ Q´1P paq P H2pP q.
‚ If a, b P H2pP, Y q, then a ¨b “ QP px, yq, where x is as above and y “ Q´1P pbq P H2pP q.
By choosing bases for H2pXq{Tor, H2pP q, and H2pP, Y q, homology classes in these groups
can be represented by column vectors and the intersection forms QX and QP can be repre-
sented by matrices. We choose bases as follows: the basis teiu for H2pXq{Tor is the one that
makes QX diagonal by Donaldson’s Theorem; the basis tsiu for H2pP q is the set of homology
classes represented by the zero-sections of the disk bundles used to create P ; lastly, the basis
tdiu for H2pP, Y q is the set of classes represented by single fiber disks in each of the disk
bundles of P . Note that the fiber disks tdiu are the Hom-duals of the tsiu.
With fixed bases the above intersection numbers can be computed using column vector
representatives for homology classes and the matrix representatives for QX and QP . As
matrices with the above bases, recall that QP is equal to the incidence matrix of the weighted
graph representing P and QX is equal to the identity matrix of rank b2pXq. By an abuse of
notation, we use QP to denote both the intersection form for P and its matrix representative
in this case. This allows us to write and compute the above intersection numbers in terms of
column vectors a, b as follows:
‚ If a, b P H2pXq{Tor, then a ¨ b “ aT b.
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‚ If a, b P H2pP q, then a ¨ b “ aTQP b.
‚ If a P H2pP, Y q and b P H2pP q, then a ¨ b “ xTQP b, where x “ Q´1P paq P H2pP q. This
simplifies to a ¨ b “ aT b.
‚ If a, b P H2pP, Y q, then a ¨b “ QP px, yq, where x is as before and y “ Q´1P pbq P H2pP q.
This simplifies to a ¨ b “ aTQ´1P b.
Now, we say that an absolute class w P H2pXq{Tor is a characteristic class of X if w ¨ x ”
x ¨x (mod 2), for all x P H2pXq{Tor; we say a characteristic class w is minimal if w ¨w ď z ¨ z
for all characteristic classes z. Characteristic and minimal characteristic elements of H2pP q
are defined similarly. A relative class w P H2pP, Y q is characteristic in X with respect to
s, where s is regarded as an element of H1pY q, if Bw “ s and w ¨ u ” u ¨ u (mod 2), for
all u P H2pP q. The set of characteristic elements in H2pP, Y q relative to s is denoted by
CharspP q, which makes an appearance in the formula below.
We are now ready to state Ozsva´th and Szabo´’s formula for dpY, sq in the case that Y
bounds a certain type of 4-dimensional plumbing:
Theorem 4 (Ozsva´th and Szabo´). Let P be a 4-dimensional plumbing with positive definite
intersection form QP , such that the weighted graph of P has at most two vertices whose
weights are less than their valences. Then under the identification SpincpY q Ñ H1pY q:
dpY, sq “ min
wPCharspP q
w ¨ w ´ σpP q
4
. (1)
In [GJ11], Greene and Jabuka use Theorem 4 and Corollary 3 to give an obstruction to
sliceness for odd pretzel knots through some analysis of the cohomology long exact sequences
of the pairs pP, Y q and pX,W q. Here, we derive their results in terms of homology and obtain
the following commutative diagram. In the diagram the horizontal maps arise from the long
exact sequences of the pairs pP, Y q and pX,W q; the vertical maps r and γ are induced by
inclusions; β is an isomorphism due to excision; and q is the usual quotient map.
0 H2pP q H2pP, Y q H1pY q 0 0
¨ ¨ ¨ H2pXq H2pX,W q H1pW q H1pXq 0
¨ ¨ ¨ H2pXq{Tor
λ B
r –β γ
g
q
µ
Because H2pP q is free and r is a homomorphism, the image of r lies entirely in the free part
of H2pXq. After letting α “ qr and α˚ “ β´1µ, this allows us to use the first isomorphism
theorem to eliminate H2pXq from the diagram. By commutativity, λ can be seen to have the
factorization λ “ α˚α, converting the previous diagram into:
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0 H2pP q H2pP, Y q H1pY q 0 0
¨ ¨ ¨ H2pXq{Tor H2pX,W q H1pW q H1pXq 0
λ B
α –β γα
˚
µ ν
To use this diagram in conjunction with the Lattice Embedding Condition, it is advanta-
geous to work with matrix representatives of the maps α, α˚, and λ. We choose the bases
for H2pP q, H2pP, Y q, and H2pXq{Tor as before, we let A be the matrix representative for the
map α (induced by the embedding of P into X), and we let A˚ be the matrix for α˚.
The columns of A express the basis elements teiu of H2pXq{Tor in terms of the basis disks
tdiu for H2pP, Y q. Consequently, the rows of AT express the spheres tsiu in terms of the teiu,
which implies that the ijth entry in ATA gives the intersection number between the spheres
si and sj . Thus A
TA is the matrix of QP with respect to the basis tsiu.
Recall that each basis element di of H2pP, Y q is the Hom-dual of the basis element si of
H2pP q, therefore λpsiq “ řjpsi ¨ sjqdj . This implies that with respect to the chosen bases,
λ (as a linear map from H2pP q to H2pP, Y q) is represented by the same matrix as is QP
(regarded as a bilinear map from H2pP q ˆ H2pP q to Z). Namely, λ is also represented by
ATA. Given that λ “ α˚α, it follows that A˚A “ ATA as matrices. Since QP is invertible
over Q, so is A; whence A˚ “ AT . By continuing the abuse in notation whereby we use QP
to denote both the intersection form on P and its matrix representative in this case, we let
QP as a matrix represent λ with respect to the chosen bases.
Dropping the less relevant maps, the previous commutative diagram becomes:
0 H2pP q H2pP, Y q H1pY q 0 0
¨ ¨ ¨ H2pXq{Tor H2pX,W q H1pW q H1pXq 0
QP
A – γA
T
We use this to restate and reprove in a homological setting Greene and Jabuka’s d-invariant
obstruction to sliceness in odd pretzel knots:
Theorem 5 (Greene-Jabuka). Let K be a slice, odd pretzel knot with Y , W , P “ P`, and
X as in the above commutative diagram. Then every coset of coker(α) contains a minimal
characteristic class of H2pXq{Tor.
Proof. Under the assumption that K is slice, it follows that K satisfies the Embedding
Conditions and σpP q “ rkpQP q “ rkpQXq “ b2pXq :“ m. It also follows from Corollary 3
that dpY, sq “ 0 for every s that extends over W . In general, the Spinc structures on a rational
homology 3-sphere Y that extend over a rational homology 4-ball W are identified with
precisely those elements in H1pY q that bound relative homology classes in H2pW,Y q. As such,
they are in one-to-one correspondence with the elements of kerpγq, where γ : H1pY q Ñ H1pW q
is induced by inclusion.
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We may apply Theorem 4 to Y since the plumbing graph of P will have exactly one vertex
whose weight is less than its valence, namely, the central node. Formula (1) implies that
dpY, sq “ 0 for all s P kerpγq if and only if there exists w P CharspP q such that w ¨ w “ m.
A straight-forward diagram chase shows that for each w P CharspP q there exists an element
x P H2pXq{Tor such that α˚pxq “ w. We will use this to show that the characteristic classes
of P relative to s correspond to absolute characteristic classes of X with equal intersection
number. This will allow us to compute w ¨ w, which appears in formula (1), by using x ¨ x
instead.
Fix the bases for H2pP q, H2pP, Y q, and H2pXq{Tor as before, and again let A “ paijq
be the matrix representative of α with respect to these bases. Let w P CharspP q and x “
px1, ..., xmq P H2pXq{Tor such that α˚pxq “ w. Recall that α˚ is represented by the matrix
AT with respect to these bases. To show that x is characteristic in X, it suffices to show that
x ¨ ej ” ej ¨ ej (mod 2), for all basis elements ej . Since ej ¨ ej “ 1, we need only show that
x ¨ ej – that is, the jth component of x – is odd for all j. Stated differently, we must show
that every component of x is odd.
By definition of CharspP q, w ¨ u ” u ¨ u (mod 2) for all u P H2pP q and in particular, this
holds when u is equal to a basis element sj for H2pP q: w ¨ sj ” sj ¨ sj (mod 2). Observe that
for all j:
w ¨ sj “ ATx ¨ sj “ xTAsj “
ÿ
i
xiaij ,
and
sj ¨ sj “ pQP qjj “ pATAqjj “
ÿ
i
aijaij ”
ÿ
i
aij (mod 2).
Hence,
ř
i xiaij ”
ř
i aij (mod 2) for all j. Letting xi ” 1 (mod 2) yields a solution to this
equation, and in fact is the unique solution since A (mod 2) is invertible. Given that this
holds for all j, we have shown that x has all odd entries and is therefore characteristic in
X. Furthermore, since w P H2pP, Y q, from above we know w ¨ w “ wTQ´1P w. Making the
substitutions QP “ ATA and w “ ATx shows that w ¨ w “ x ¨ x.
In addition, the diagram chase from before shows that kerpγq – cokerpαq. Combining this
with the preceding information implies that dpY, sq “ 0 for all s P kerpγq with corresponding
k P cokerpαq if and only if there exists w P CharspP q and x P CharpXq such that w “ ATx,
x ¨ x “ m, and x ` Impαq “ k. Clearly, x ¨ x “ m only if xi “ ˘1 for all i, which implies
that x is a minimal characteristic class of X. Hence, K slice implies that every element of
cokerpαq, i.e. every coset of Impαq, contains a minimal characteristic class of X. 
Theorem 5 gives a necessary condition for sliceness for odd, 5-stranded pretzel knots, which
can be rephrased in a simpler, more geometric way by analyzing the quotient coker(α)“
pH2pXq{Torq{Impαq. We will reduce the problem of finding minimal characteristic vectors
in each coset of cokerpαq to a more visualizable problem of finding lattice points in Z2 with
certain properties.
Since H2pXq{Tor – Zm, coker(α) – Zm{Impαq. Given that the image of α with our chosen
bases is equal to the span of the columns of A, coker(α) is isomorphic to the quotient of Zm
by the columns of A. Let U “ tvj,rju be the set of column vectors of A with standard dot
product 2, where 1 ď j ď n and 1 ď rj ď j´ 1. Then the columns of A, as vectors, are given
by tv0, v1, v2, Uu.
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Define B : Zm Ñ Z2 by:
px1, ..., xa, y1, ..., yb, z1, ..., zcqT ÞÑ
˜
aÿ
i“1
xi ´
cÿ
k“1
zk,
bÿ
j“1
yj ´
cÿ
k“1
zk
¸T
.
It is easy to see that ker(B) = xv0,Uy and that B is onto, so by the first isomorphism theorem
Z2 – Zm{xv0,Uy. It follows that:
cokerpαq – Zm
M
xv0, v1, v2, Uy – Z2
M
xBpv1q,Bpv2qy.
Let rv1 :“ Bpv1q and rv2 :“ Bpv2q. Using the above isomorphisms, the slice condition
in Theorem 5 can now be rephrased to say that every coset in Z2
M
x rv1, rv2y must have a
representative in Bpt˘1unq. Thus, we analyze Z2
M
xv˜1, v˜2y and Bpt˘1unq:
rv1 “ Bppα, ..., α, β, ..., β, γ, ..., γqqT “ paα´ cγ, bβ ´ cγqT ,
rv2 “ Bppx, ..., x, y, ..., y, z, ..., zqqT “ pax´ cz, by ´ czqT ,
and
Bpt˘1umq “ pq ´ s, r ´ sq,
where ´a´ c ď q ´ s ď a` c and ´b´ c ď r ´ s ď b` c.
Observe that t rv1, rv2u defines a fundamental domain R Ă Z2 and Bpt˘1unq defines a
hexagonal region H Ă 2Z2, where each point px, yq P H satisfies ´a ´ c ď x ď a ` c and
´b ´ c ď y ď b ` c. By the above argument, the slice condition that every element of
coker(α) contain a minimal characteristic vector of the form pt˘1unq is equivalent to the
condition that every lattice point in R be able to be translated onto a lattice point in H by
a linear combination of rv1 and rv2. Since R is a fundamental domain, every lattice point in
R represents a distinct coset in the quotient Z2
M
x rv1, rv2y. This proves the following:
Coset Condition I: If P pa, b, c, d, eq is a slice, odd, 5-stranded pretzel knot, then |R| ď |H|.
It is possible, however, for many points in H to belong to the same coset in Z2
M
x rv1, rv2y.
Theorem 5 is clearly contradicted if Coset Condition I is not satisfied, but Theorem 5 is also
contradicted if |R| ą |H¯|, where |H¯| is the number of R-cosets in H. This observation is a
refinement of Coset Condition I, which the author unimaginatively deems Coset Condition
II:
Coset Condition II: If P pa, b, c, d, eq is slice, then |R| ď |H¯|.
7. Proof of Theorem 2
Due to the slightly different nature of pretzel knots with single-twists versus those without,
the proof of Theorem 2 is divided according to this distinction. We first give two technical
lemmas and then show that all 0-pair, odd, 5-stranded pretzel knots without single-twists are
not slice. Then, we give a refinement of one of the lemmas and with this show that all 0-pair,
odd, 5-stranded pretzel knots with single-twists are not slice.
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Recall that a knot K is slice if and only if its mirror ´K is slice. To achieve a higher degree
of computational ease in the proof, the knot K “ P p´a,´b,´c, d, eq P P ta, b, c,´d,´eu will
be used rather than its mirror P pa, b, c,´d,´eq. Lemmas 2 and 3, given next, make clear
the conditions under which P p´a,´b,´c, d, eq will be a 0-pair pretzel knot. Without loss of
generality, we will assume a ď b ď c throughout.
Lemma 2. Let K P P ta, b, c,´d,´eu satisfy the Embedding Conditions. If any two of
tα, β, γu is zero or if any two of tx, y, zu is zero, then K is 1- or 2-pair.
Proof. Choose K “ P p´a,´b,´c, d, eq. By the symmetry of the embedding conditions on
tα, β, γu and tx, y, zu, it suffices to prove the result for tα, β, γu. Suppose two of tα, β, γu are
zero. Without loss of generality, let α “ β “ 0. By Embedding Condition (1), it must be
that γ “ 1 and thus d “ c by Embedding Condition (4). Consequently, P p´a,´b,´c, d, eq “
P p´a,´b,´c, c, eq, so K has at least one pair of canceling twist parameters. Hence K is
either 1- or 2-pair. 
Lemma 3. If K P P ta, b, c,´d,´eu is 0-pair and satisfies the Embedding Conditions, then
at most one of tα, β, γ, x, y, zu is zero and, without loss of generality, either d ě 4a ` b and
e ě a` b` c, or d, e ě a` b` c.
Proof. Choose K “ P p´a,´b,´c, d, eq. Lemma 2 implies that at most one of tα, β, γu is
zero and at most one of tx, y, zu is zero. If none of tα, β, γ, x, y, zu is zero, then Embedding
Conditions (4) and (5) imply that d “ aα2` bβ2` cγ2 ě a` b` c and e “ ax2` by2` cz2 ě
a` b` c, since c ě b ě a ě 1.
We will show that if any of tx, y, zu is zero, then either K is not 0-pair or there is a
contradiction to x, y, z P Z. Suppose α “ 0 and β ‰ γ ‰ 0. Embedding Conditions (1)
and (4) immediately yield d “ bβ2 ` cγ2 ą 4b` c ą 4a` b, while Embedding Condition (3)
implies:
bβy “ ´cγz (2)
Note that if either y “ 0 or z “ 0, then the other equals 0 as well. This would imply
that P p´a,´b,´c, d, eq is not 0-pair by Lemma 2, a contradiction. Thus, both y and z are
nonzero. If x “ 0, Embedding Condition (2) implies that z “ 1 ´ y. Substituting this into
Equation (2) and solving for y, we get:
y “ cγ
cγ ´ bβ . (3)
Since α “ 0, Embedding Condition (1) implies that β “ 1 ´ γ. If γ “ 1, then β “ 0 as
well and by Lemma 2, P p´a,´b,´c, d, eq is not 0-pair. The same follows if β “ 1. Hence,
we can assume γ ě 2 or γ ď ´1. Note that β and γ always have different signs.
If γ ě 2, then β ď ´1 and thus ´bβ ą 0. Thus, Equation (3) takes on the form:
y “ p
p` q . (4)
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where p, q P Z and p, q ě 3. Consequently y cannot be an integer, which contradicts the
Embedding Conditions.
If instead γ ď ´1, then β ě 2. In this case, one can take Equation (2) and solve for z
instead of y, yielding:
z “ bβ
bβ ´ cγ (5)
By the same argument given for γ ě 2, since β ě 2 it follows that z cannot be an integer
and the Embedding Conditions are again contradicted. Thus if α “ 0, all of tx, y, zu must
be nonzero and e “ ax2 ` by2 ` cz2 ě a` b` c by Embedding Condition (5).
If β “ 0, the proof follows similarly with d “ aα2 ` cγ2 ě 4a ` c ě 4a ` b; if γ “ 0,
then again the proof follows similarly with d “ aα2 ` bβ2 ě 4a ` b. In all three cases,
e “ ax2 ` by2 ` cz2 ě a` b` c.
If none of tα, β, γ, x, y, zu is zero, then by Embedding Conditions (4) and (5) we get
d “ aα2 ` bβ2 ` cγ2 ě a` b` c and e “ ax2 ` by2 ` cz2 ě a` b` c. 
The proof of Theorem 2 will now proceed by contradicting Coset Counting Condition I.
First suppose K is a slice, odd, 5-stranded pretzel knot without single-twists, i.e. 3 ď a ď
b ď c. It follows that σpKq “ 0, so K P P ta, b, c,´d,´eu by Theorem 1 and we may assume
K “ P p´a,´b,´c, d, eq. Since K is slice, K also satisfies the Lattice Embedding Condition
and Coset Counting Condition I; the fact that K is 0-pair implies that d ě 4a ` b and
e ě a` b` c by Lemma 3.
With this, we compute |R| and |H|, where R and H are as in Coset Counting Condition
I. Given that kerpγq – cokerpαq and |kerpγq| “ a|H1pY q| “ a|detpKq|, we know |R| “a|detpKq|. Theorem 1.4 in [Jab10] gives the following formula for the determinant of odd
pretzel knots P pp1, ..., pkq:
detpKq “
kÿ
i“1
p1 ¨ ¨ ¨ pi´1pˆipi`1 ¨ ¨ ¨ pk .
Using this with our choice of K, we get:
detpKq “ ´abcd´ abce` abde` acde` bcde .
For |H|, recall thatH “ tpq´s, r´sq|´a ď q ď a,´b ď r ď b,´c ď s ď cu. A straightforward
computation yields:
|H| “ ab` ac` bc` a` b` c` 1 .
We will violate Coset Condition I by arguing that |R|2 ą |H|2, using the facts that:
(1) 3 ď a ď b ď c,
(2) d ě 4a` b and e ě a` b` c or d, e ě a` b` c, and
(3) ab ą a` b` 1{2 for a, b ě 3.
The case in (2) where d, e ě a ` b ` c is the content of Theorem 2.0.3 in [Lon14], thus it is
not proven here. Hence, we assume d ě 4a` b and e ě a` b` c. In comparing |R|2 and |H|2,
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it suffices to show that a lower bound for |R|2 is greater than |H|2, after canceling common
terms from both.
First consider |H|2:
|H|2 “ pab` ac` bc` a` b` c` 1q2
“ L`M `N ` S
where:
L “ a2b2 ` a2c2 ` b2c2 ` 2pa2bc` ab2c` abc2q
M “ 2pa2b` a2c` ab2 ` b2cq
N “ 2c2pa` b` 1{2q ` 6abc` 4pab` acq ` 3bc
S “ a2 ` b2 ` bc` 2pa` b` cq ` 1
Note that L consists of all the quartic terms of |H|2. Next consider |R|2:
|R|2 “ |detpKq|
“ | ´ abcd´ abce` abde` acde` bcde|
“ abdpe´ cq ` bcepd´ aq ` acde
ą 5a2b2 ` 4a2c2 ` b2c2 ` 8a2bc` 5ab2c` 4abc2 ` 4a3pb` cq ` b3pa` cq
“: E3.
At this point, it follows that |R|2´L ą E3´L, and |R|2 ą |H|2 if E3´L ą |H|2´L. By
noting that E3 ´L is a strictly increasing, purely quartic function of a, b, c and |H|2 ´L is a
strictly increasing cubic function in the same three variables, the reader may find it believable
that E3 ´ L ą |H|2 ´ L for all values a, b, c ě 3 provided this inequality holds true for the
minimal choice of a “ b “ c “ 3. As it happens, when a “ b “ c “ 3, E3 ´ L “ 2298 and
|H|2 ´ L “ 640. For the more suspicious reader, we continue with the proof and observe:
E3 ´ L “ 4apa2b` a2cq ` bpab2 ` b2cq ` 4a2b2 ` 3a2c2 ` 6a2bc` 3ab2c` 2abc2
ą 12pa2b` a2cq ` 3pab2 ` b2cq ` 4a2b2 ` 3a2c2 ` 6a2bc` 3ab2c` 2abc2
“: E2.
Furthermore:
E2 ´M “ 10pa2b` a2cq ` pab2 ` b2cq ` 4a2b2 ` 3a2c2 ` 6a2bc` 3ab2c` 2abc2
ą 2c2pa` b` 1{2q ` 6abc` 4pab` acq ` 3bc` 4a2b2 ` 3a2c2
` 3ab2c` 6pa2b` acq ` ab2
“: E1.
Lastly:
E1 ´N “ 4a2b2 ` 3a2c2 ` 3ab2c` 6pa2b` a2cq ` ab2
“ 6a2b` ab2 ` 3a2c2 ` p4a2b2 ` 3ab2c` 6a2cq
ą a2 ` b2 ` bc` 2pa` b` cq ` 1
“ S
“ |H|2 ´ L´M ´N
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This shows that:
|R|2 ´ L´M ´N ą E3 ´ L´M ´N
ą E2 ´M ´N
ą E1 ´N
ą |H|2 ´ L´M ´N
which implies that |R|2 ą |H|2, as desired. This completes the proof that all 0-pair, odd,
5-stranded pretzel knots without single-twists are not slice.
Next, we address the knots with single-twists. As before, we assume all knots in question
are slice and therefore satisfy the signature condition, the Lattice Embedding condition, and
both Coset Counting Conditions. Just a little bit of thought reveals that possibly after
mirroring, the signature condition yields only three cases to consider for 0-pair, odd, 5-
stranded pretzel knots with single-twists. For K P P t´a,´b,´c, d, eu, the cases are:
(1) a “ b “ c “ 1 and d, e ě 3.
(2) a “ b “ 1 and c, d, e ě 3.
(3) a “ 1 and b, c, d, e ě 3.
Since the Lattice Embedding Conditions hold, there exist α, β, γ, x, y, z P Z satisfying
the system of equations given in Section 5. Thus, we have the same starting point for
0-pair pretzel knots with single-twists as for 0-pair knots without single-twists. Lemma 2
and Lemma 3 still apply here for all three cases of 0-pair pretzel knots with single-twists.
To obstruct sliceness for 0-pair knots P p´a,´b,´c, d, eq with single twists, however, it is
necessary to get more precise lower bounds on d and e than are obtained in Lemma 3.
Lemma 4. If K P P t´a,´b,´c, d, eu is 0-pair and d is equal to its lower bound (either
d “ 4a` b or d “ a` b` c), then e ě 4a` 4b` c.
Proof. First, suppose d “ 4a` b and e “ a` b` c. By the Embedding Conditions, it follows
that α “ 2, β “ ´1, and γ “ 0, and |x| “ |y| “ |z| “ 1. Embedding Condition (3) says
aαx ` bβy ` cγz “ 0, which reduces to ˘2a “ b after substitutions. But, b is odd so we
have a contradiction. If instead we suppose that d “ e “ a` b` c, then by the Embedding
Conditions |α| “ |β| “ |γ| “ |x| “ |y| “ |z| “ 1. After substitutions, Embedding Condition
(3) becomes c “ ˘a˘ b, which is again a contradiction since all three of a, b, c are odd.
Hence when d “ 4a ` b or d “ a ` b ` c, e ‰ a ` b ` c. In words, both d and e cannot
simultaneously achieve their lower bounds as given in Lemma 3. It follows that at least one
of |x|, |y|, or |z| must be ě 2. But, in fact, we can show that at least two of |x|, |y|, or |z|
must be ě 2: Without loss of generality, suppose x “ ˘2. Embedding Condition (2), which
says x ` y ` z “ 1, yields two possibilities: If x “ 2, then y ` z “ ´1; if x “ ´2, then
y ` z “ 3. In both cases, it is impossible for both |y| “ 1 and |z| “ 1, and therefore |y| ě 2
or |z| ě 2. By the symmetry in x, y, z of Embedding Condition (2), it follows that at least
two of |x|, |y|, or |z| must be ě 2.
The choices of |x|, |y|, |z| that satisfy the above discovery and that minimize e are |x| “
|y| “ 2 and |z| “ 1, which yields e “ ax2 ` by2 ` cz2 “ 4a` 4b` c. Thus, if d is equal to a
lower bound then e ě 4a` 4b` c. 
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We now continue with the proof of Theorem ??. The goal in each of the following cases is
to arrive at a contradiction to Coset Counting Condition I by showing that |R|2 ą |H|.
Case 1: K P P t´a,´b,´c, d, eu with a “ b “ c “ 1.
By Lemma 3, d ě 4a` b “ 5 or d ě a` b` c “ 3. Assume d “ 3. By Lemma 4, we know
e ě 4a` 4b` c “ 9. Then:
|R|2 “ |detpKq|
“ | ´ abcd´ abce` abde` acde` bcde|
“ dpe´ 1q ` epd´ 1q ` de
ě 69
ą 49
“ pab` ac` bc` a` b` c` 1q2
“ |H|2,
as desired.
Case 2: K P P t´a,´b,´c, d, eu with a “ b “ 1 and c ě 3.
By Lemma 3, d ě 4a ` b “ 5 or d ě a ` b ` c “ 2 ` c. These two expressions agree if
c “ 3, but otherwise 4a` b ă 2` c. Thus, assuming d ě 5 accounts for both situations. By
Lemma 4, e ě 4a` 4b` c “ 8` c. Then:
|R|2 “ |detpKq|
“ | ´ abcd´ abce` abde` acde` bcde|
“ dpe´ cq ` cepd´ 1q ` cde
ě 5pc` 8´ cq ` cp8` cqp5´ 1q ` cp5qpc` 8q
“ 9c2 ` 72c` 40 ą 9c2 ` 24c` 16
“ pab` ac` bc` a` b` c` 1q2
“ |H|2,
as desired.
Case 3: K P P t´a,´b,´c, d, eu with a “ 1 and b, c ě 3.
By Lemma 3, d ě 4a` b “ 4` b or d ě a` b` c “ 1` b` c. Assuming d ě b` 4 accounts
for both situations. By Lemma 4, e ě 4a` 4b` c “ 4` 4b` c. Then:
|R|2 “ |detpKq|
“ | ´ abcd´ abce` abde` acde` bcde|
“ bdpe´ cq ` bcepd´ 1q ` cde
ě bpb` 4qp4` 4b` c´ cq ` bcp4` 4b` cqpb` 4´ 1q ` cpb` 4qp4` 4b` cq
“ 4b3c` b2c2 ` 4b3 ` 20b2c` 4bc2 ` 20b2 ` 32bc` 4c2 ` 16b` 16c.
Also:
|H|2 “ pab` ac` bc` a` b` c` 1q2
“ b2c2 ` 4b2c` 4bc2 ` 4b2 ` 12bc` 4c2 ` 8b` 8c` 4.
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Let L “ b2c2 ` 4b2c` 4bc2 ` 4b2 ` 12bc` 4c2 ` 8b` 8c. Then:
|R|2 ´ L ě 4b3c` b2c2 ` 4b3 ` 20b2c` 4bc2 ` 20b2 ` 32bc` 4c2 ` 16b` 16c´ L
“ 4b3c` 4b3 ` 16b2c` 16b2 ` 20bc` 8b` 8c
ą 4
“ |H|2 ´ L.
Thus, |R|2 ą |H|. This concludes the proof that 0-pair, odd pretzel knots with single-twists
are not slice, and therefore all 0-pair, odd, 5-stranded pretzel knots are not slice.

8. Proof of Theorem 3
It suffices to consider only the single-pair pretzel knots P pa, b, c, d, eq for which the signature
vanishes and both the Lattice Embedding Condition and Coset Counting Condition I are
satisfied. Let a, b, c, d, e ą 0 such that a ď b ď c, and assume that K “ P p´a,´b,´c, d, eq.
Let Y , P “ P`, W , X, and the embedding map α : H2pP q Ñ H2pXq{Tor be as before.
Theorem 5 gives that if K is slice, then every element in coker(α) has a coset representative
in the set t˘1um, where m “ a ` b ` c. Let v1 and v2 be the second and third columns
(respectively) in the matrix A of α with respect to the bases chosen in Sections 5 and 6;
lastly, let B be the map outlined in Section 6. Recall from Section 5 the regions R and H
in the plane associated with A: R is defined by the vectors t rv1, rv2u, with Bpv1q “ rv1 and
Bpv2q “ rv2, and H is the set of lattice points px, yq P 2R2 such that ´a´ c ď x ď a` c and
´b ´ c ď y ď b ` c. The argument now reduces to counting the number of lattice points in
R and in H¯, where H¯ “ H{x rv1, rv2y.
The number of lattice points in R is computed by finding the determinant of the 2 ˆ 2
matrix with column vectors rv1 and rv2:
|R| “
∣∣∣∣ aα´ cγ ax´ czbβ ´ cγ by ´ cz
∣∣∣∣ .
This determinant counts all lattice points strictly on the interior of R as well as the lattice
points lying on one half of the boundary. The number of lattice points in H is always
ab` ac` bc` a` b` c` 1, which gives the total number of lattice points on the interior of
H, together with all lattice points lying on the boundary of H.
For a 1-pair pretzel knot, three cases must be considered: (1) when the pair is ta,´au,
(2) when the pair is tb,´bu, and (3) when the pair is tc,´cu. By assumption, the twist
parameters in all three cases satisfy the embedding criterion.
Case I: K P P t´a,´b,´c, a, du
When the twist parameters contain the pair ta,´au, it follows that α “ 1, β “ γ “ x “ 0,
and y and z are nonzero. This yields rv1 “ pa, 0q and rv2 “ p´cz, by ´ czq, hence:
|R| “
∣∣∣∣ a ´cz0 by ´ cz
∣∣∣∣ “ a |by ´ cz|.
As y Ñ 8, it follows that z Ñ ´8 by Embedding Condition (2) which says that 1 “
x ` y ` z “ 0 ` y ` z; thus |R| Ñ 8. Similarly, as y Ñ ´8 (and z Ñ 8), |R| Ñ 8. For
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Figure 7. H and its R-cosets for P p´3,´7,´19, 3, 47q. Points of the same
color with the same y-coordinate represent the same R-coset.
this reason, |R| is minimized when y and z are both small in absolute value, i.e. when rv2 is
short. Given that b ă c, rv2 is shortest when y “ 2 and z “ ´1. In this case:
|R| “ a |2b` c| “ 2ab` ac. (6)
Now we compute an upper bound for |H¯|. Since H only depends on a, b, and c, a direct
calculation of the exact size and shape of H is easily obtained for any fixed values of a, b, c.
Furthermore, the simple form of rv1 “ pa, 0q allows us to see that many of the lattice points in
H lie in the same R-coset. To (partially) determine H¯, we simply identify all lattice points in
H that differ by some multiple of pa, 0q (horizonal translations). Given that rv1 is only one of
the two vectors used to define R, incorporating rv2 would only create further collapsing among
the cosets, therefore the actual value of |H¯| is less than or equal to number of cosets computed
as above. Important note: the Figures 7, 8, and 9 show the lattice points in H Ă 2Z2. That
is, each grid square is 2ˆ 2.
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From Figure 7, we see that each of the b` c` 1 rows in H always has a distinct R-cosets.
Thus, an upper bound for |H¯| is given by:
|H¯| ď apb` c` 1q
“ ab` ac` a.
Comparing this to (6), the desired result is achieved:
|H¯| ď ab` ac` a
ă 2ab` ac
“ |R|,
since a ď b ď c. Hence, a 5-stranded odd pretzel knotK P P t´a,´b,´c, a, du, with a, b, c, d ě
3, is not slice.
Case 2: K P P t´a,´b,´c, b, du
When the twist parameters contain the pair tb,´bu, it follows that β “ 1, α “ γ “ y “ 0,
and x and z are nonzero. With this, rv1 “ p0, bq and rv2 “ p´cz, by ´ czq, hence:
|R| “
∣∣∣∣ 0 ax´ czb ´cz
∣∣∣∣ “ b |ax´ cz|.
Following the logic of Case 1, it suffices to show that |R| ą |H¯| when the length of rv2 is
minimized. Since a ă c, rv2 is shortest when x “ 2 and z “ ´1, so:
|R| “ b |2a` c| “ 2ab` bc. (7)
The upper bound for |H¯| is computed for Case 2 in a similar manner as for Case 1, the
only difference being that lattice points in H are identified as being in the same coset when
they differ by multiple of rv1 “ p0, bq (vertical translations). Each of the a` c` 1 columns in
H always has b distinct R-cosets. Thus, an upper bound for |H¯| is given by:
|H¯| ď bpa` c` 1q
“ ab` bc` b.
Comparing this to (7), again the desired result is achieved:
|H¯| ď ab` bc` b
ă 2ab` bc
“ |R|,
since b ě a ě 3. Hence, 5-stranded pretzel knots K P P t´a,´b,´c, b, dqu, with a, b, c, d ě 3,
are not slice.
Case 3: K P P t´a,´b,´c, c, du
The final case of 5-stranded odd single-pair pretzel knots has pc,´cq as the pair in the
twist parameters. Unlike for the 1-pair cases where the pair of canceling twist parameters is
ta,´au or tb,´bu, the case with tc,´cu does not necessarily imply that γ “ 1, α “ β “ z “ 0,
with x and y nonzero. Since c ě b ě a, it is possible that both α and β are non-zero and
Embedding Condition (4) is satisfied by c “ aα2 ` bβ2. In this case, however, the proof of
Lemma 3 shows we would have c ě 4a` b and e “ ax2` by2` cz2 ě a` b` c, which implies
that P p´a,´b,´c, c, dq is not slice by the proof of Theorem 2.
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Figure 8. H and its R-cosets for P p´3,´7,´19, 7, 31q. Points of the same
color with the same x-coordinate represent the same R-coset.
Hence, we need only consider the case where γ “ 1, α “ β “ z “ 0, with x and y nonzero.
Under these conditions, rv1 “ p´c,´cq and rv2 “ pax, byq and therefore:
|R| “
∣∣∣∣ ´c ax´c by
∣∣∣∣ “ c |ax´ by|.
Again by following the logic from Case 1 and Case 2, it suffices to show that |R| ą |H¯| whenrv2 is at its shortest. Since a ă b, the length of rv2 is minimized when x “ 2 and y “ ´1. In
this case:
|R| “ c |2a` b| “ 2ac` bc. (8)
The computation of an upper bound for |H¯| in Case 3 is similar to those in Cases 1 and 2.
Namely, it is computed by identifying lattice points in H via multiples of p´c,´cq (45-degree
diagonal translations). The computations are also done as before using the well-understood
region H, however it is more economical now to subtract off the number of repeat R-coset
representatives from |H|, rather than count the cosets directly as in Cases 1 and 2. Figure 9
indicates that:
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Figure 9. H and its R-cosets for P p´3,´7,´19, 19, 55q. Each white point
represents a distinct R-coset; colored points lying along the same 45-degree
diagonal represent the same R-coset.
|H¯| ď |H| ´ pa` 1qpb` 1q
“ ab` ac` bc` a` b` c` 1´ pab` a` b` 1q
“ ac` bc` c.
Comparing this result with Equation (7) gives the result:
|H¯| ď ac` bc` c
ă 2ac` bc
“ |R|,
since c ě a ě 3. Thus, 5-stranded odd pretzel knots of the form P p´a,´b,´c, c, dq, with
a, b, c, d ě 3, are not slice. The proof is complete.

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